In recent years, the lower reaches of the Beiyun River have suffered from growing water resource shortages due to the reduction of upstream water resource and drying up of the stream channel.
INTRODUCTION
With the rapid increase in water demand driven by socioeconomic development in recent years, water shortages have become increasingly common (Alavian et al. ) .
In addition, an imbalanced water distribution could intensify the shortages (Fan et al. ) . To solve the contradictions between the supply and demand of water resources and to mitigate losses, water resource diversion and allocation have been developed. The optimal allocation of available water supply is quite necessary in areas of severe water shortage in China. However, several uncertain factors may affect the performance of water allocation (Zeng et al. ) , such as hydrological system complexities, parameters and their interactions. For natural impacts, the characteristics of available water resources are assumed to follow a probability distribution, which is affected by the flows of rivers, streams, varied precipitation, and runoff levels, etc.
The water demand associated with the population increase and economic development is uncertain as well. Water allocation plan development is not straightforward due to the limited available water resources and uncertainties. Previous research into optimal water resources has mostly focused on embodying various characteristics in deterministic values and intervals, but little work has been done to of multiple water resources. Correspondingly, more efficient management associated with water supply probabilities should be considered, depending on the origins of the uncertainties.
As for uncertainties, copulas are being increasingly employed in the analysis of joint probability. The copula method has been developed by Sklar () Additionally, copulas can describe nonlinear relations among variables. Compared with other methods, the marginal properties and dependence structure of random variables can be investigated separately (Grimaldi & Serinaldi ) . Different families of copulas have been proposed and are described by Nelsen () . The Archimedean copula family is more desirable for hydrological analysis, because it can be easily constructed. The widely used Archimedean copulas include the Clayton, Frank, and Gumbel copulas.
Proof of their detailed properties has been presented by Genest & MacKay () and Nelsen () . For that mentioned above, the one-parameter Archimedean copulas were applied in this study for determining the joint probability distribution of correlated water resource variables.
The allocation of water resources is an optimization process that groups water resources to ensure that limited water resources are reasonably and fully exploited. Today, many optimization techniques are available for such problems.
One is the use of mathematic programming algorithms, such as linear programming, non-linear programming, dynamic programming and progressive optimality algorithms (Rani & Moreira ) . However, water allocation is a multi-objective system problem, which is a challenge due to both limited water resources and water shortage risk.
Although supported by rigorous mathematical theory, these classical optimization methods cannot successfully address multidimensional problems with increasing numbers of state variables (Azamathulla et al. ) .
In recent decades, other optimization techniques, including swarm intelligence algorithms and evolutionary algorithms, have been popularly employed to plan the optimal allocation of water resources, such as particle swarm optimization (Reddy & Kumar ) , ant colony algorithm (Liu et al. ) , harmony search algorithm (Manshadi et al. ) , and the genetic algorithm (GA) (Reddy & Kumar ), as well as its improved algorithm. As a global heuristic search, the GA is one of the popular approaches due to its robustness, good adaptability, and overall optimization. It shows a significant advantage in solving complicated optimization problems that have two or more contradictory objective functions that should be simultaneously considered. Similar to the process of Darwinian evolution, GA can obtain a series of solutions that converge to the optimum by use of random initialization and a stochastic algorithm. It has been successfully employed in the allocation of various water resources (Zhou et al. ; Lalehzari et al. ) . In deficit allocation studies, due to the increased quantity of water resources crises, it is necessary to fully use water resources to minimize allocation cost under conditions of both fewer or more water resources.
The planned measures have to change to fit the changing environment to further strengthen their efficiency. Therefore, it is indispensable to obtain solutions under different water supply conditions, revealing a trade-off between system cost and shortages.
As an extension of the above studies, the objective of this study is to develop a joint-probabilistic multi-objective optimization method for planning of regional water resources systems. Due to the complexity of water resources, the main contribution of this paper is the representation of copula functions that consider the dependence structure of water supply variables. The statistical copula functions obtained the joint probability distribution for water resources by separating their dependence from their marginal distributions. Meanwhile, the research can tackle random parameters in the left-and right-hand sides of constraints considering spillage of extra water. The results obtained from the application of the methodology to a water shortage area showed the applicability of the method for analyzing a variety of water supply scenarios.
This provides managers with a range of alternatives under various system conditions, so that managers will spend the least under the uncertain water availabilities. In conclusion, the method can help water resources managers to make decisions about water allocation considering uncertainty and tradeoffs between economy and reliability.
MATERIALS AND METHODS

Case study and data
The case study is the lower reaches of the Beiyun River ( Figure 1 The spatial distribution and variation in water is significantly influenced by various water resources and their changing probabilities. Meanwhile, due to the extremely uneven distributions of precipitation, the available water supply showed a distinctive seasonal variation (Gibbs et al. ) . In the wet season, the total water demands of users could be satisfied because sufficient water supply was recharged. In the drought season, the decreased availability of water supply potentially caused competing water users to face serious crises. Due to the reduction of the water supply, there may be an impact on water resource allocation. Therefore, the nature uncertainty factor in this study is the uncertain water supply of the Beiyun and Longfeng Rivers.
As for the artificial factor, the uncertainty is whether the managers think the water conveyance losses acceptable.
Consequently, the uncertainties that would influence the objective achievement are presented in terms of different acceptable levels of constraint violation and joint probabilities expressed in the water supply.
This paper considers a case in which managers have the responsibility of allocating water from two rivers (Beiyun River and Longfeng River) to four user groups: municipality, industry, agriculture, and ecology. The lower reaches of Beiyun River are the agricultural districts where agriculture accounts for a large proportion of the national economy.
Thus, considering the specific situations, the order of the four groups is municipality, agriculture, industry, and ecology.
Upstream and local water resource data were based on longterm observed hydrologic data collected from hydrologic stations on the river system, monthly from 1954 to 2009. The double-mass method has been employed to check the consistency of data, and the results show that the data series used in this study is consistent. The mean annual upstream water resources of the Beiyun River is 113.35 × 10 6 m 3 , more than those of the Longfeng River (100.52 × 10 6 m 3 ). In contrast, for mean annual local water resources, the value of the Beiyun River (8.01 × 10 6 m 3 ) is less than the Longfeng River (12.59 × 10 6 m 3 ). The water consumption data were recorded from 2000 to 2009 by the Tianjin Institute of Hydro-Technical and statistical yearbook ( Table 1 ). The need for water leads to competition among the four user groups. Moreover, because of the effects of the different water demand targets in these competing water users, the guarantee ratios and priorities of assigned water are different.
The quantity of municipality, industry, and ecological water demand used in this study is based on the estimation of the average proportion of water consumption with consideration of the population and economic changes.
Methodology
The joint-probabilistic programming method for water resources optimal allocation is based on integrating the uncertainty analysis and optimal water allocation, requiring the following components. First, the paired observations of yearly upstream water resource U and yearly local water resource L are chosen to establish the joint distribution by copula functions and to obtain water availabilities under the associated probabilities of occurrence. Depending on the joint distribution function, the joint probability of any combinations of U and L can be estimated. Second, the GA takes the available water combinations of upstream and local water supply as input, and outputs the optimal allocation of water resources. In the optimal model, different joint probability levels represent different likelihoods of occurrence and can reflect uncertain water supply, with the purpose of making proper and more productive judgments. Simultaneously, to investigate the acceptable level of violating the constraint and to generate a series of decision alternatives, three conditions corresponding to different acceptable levels were considered. As a result, different water resource regulation schemes should be created that consider upstream water resources, local water resources, and water conveyance losses. The study framework of the paper is shown in Figure 2 .
Copula function
To ensure that the data set could capture the temporal runoff process accurately, the paired data from upstream and local water resources during 1954-2009 were collected as samples to build the joint distribution of the two 
where C is the copula function that connects the marginal and joint distribution. If F U u ð Þ and F L l ð Þ are continuous functions, the joint distribution can be uniquely determined by the marginal distribution and structure correlation. Three widely used one-parameter Archimedean copulas, Clayton, Gumbel, and Frank, are compared to choose the best fit for the study. Applying copulas to problem solving is usually a two-step process when the marginal distribution is determined: estimation of copula parameters followed by selection of a copula using goodness-of-fit tests.
The parameters of the copulas were estimated by Kendall correlation coefficient τ (Zhang ). Table 2 shows the expressions of the three copulas and gives the range of parameters θ and the relationship between θ and τ.
The Kendall correlation coefficient τ was defined as: 
The next step is to identify an appropriate copula. The root mean square error (RMSE) was used to assess the goodness-of-fit of the probability distributions. RMSE can be expressed as:
where p c (i) denotes the ith theoretical value; n is the number of observations; p o (i) denotes the ith empirical value calculated according to the following equation:
where m i is the number of joint observations meeting the conditions U < u i and L < l i in the joint observation sample.
The Akaike information criterion (AIC) (Fan et al. ) was employed to select the best fitting copula in this study.
AIC can be obtained either by calculating the maximum likelihood or by calculating the mean square error of the model. Thus, AIC is expressed as follows:
where k is the number of fitted parameters, and
The best fitting copula is the one that has the minimum AIC value. Additionally, the Kolmogorov-Smirnov (K-S) goodness-of-fit test can be applied to evaluate the fitting degree of empirical distribution function and hypothetical overall distribution function. The statistic D was calculated as follows:
where F x i , y i ð Þ is the joint distribution value.
When the best fitting copula is chosen, the joint behavior of x and y with some specific values can be calculated.
Some probabilities should be focused on, as follows:
1. The probability that x and y both exceed specific values, denoted as P ∩ x, y ð Þ.
2. The probability that one of the two variables exceeds specific values, denoted as P ∪ x, y ð Þ.
3. The probability that the random variable falls within a range, denoted as P X > xjY > y ð Þ .
These probabilities were obtained as follows:
Multi-objective optimization
In the case of the optimal allocation of water resources, with the key purpose of allocating water resources scientifically and rationally, managers may wish to obtain better comprehensive effects while weighing the economic benefits, ecosystem environment, social factors, and so on. Optimization has been formulated as a multi-objective problem with many conditions, and the appropriate allocation plans depend on their utilization efficiency and economic efficiency. Therefore, the regulated objectives in this paper included two objectives: the minimization of water shortage and allocation cost, simultaneously. Typically, these objectives are mutually conflicting and restricting: less cost increases shortage, so there is no single optimal solution.
The problem in multi-objective optimization analysis is, at its core, the optimization of all objectives at the same time. Therefore, a possible optimal solution that harmonizes all of the objectives, called the Pareto optimal solution, should be obtained.
Proposed algorithm
In this paper, the non-dominated sorting genetic algorithm-II (NSGA-II) is introduced to solve the problems of optimal water resources allocation. As a multi-objective optimization method, the NSGA-II has provided a new way to solve complex problems. The algorithm provides an efficient non-dominated sorting scheme for classifying the population into different fronts and a good diversity preserving mechanism by using crowding distance functions in the population.
In the model, planning water allocation is simulated as evolutionary events, regarding both the amount of water from changing sources and the amount that was assigned to various water users as decision variables. First, an initial solution (which is called population) is randomly created with encoding these optimized variables with binary coding. To ensure the feasibility and diversity of the individuals, the initial population is randomly generated to be feasible according to the constraint conditions. The fitness function, which is trans- Thus, the problem can be expressed as follows.
1. Allocation cost:
2. Water shortage:
where i denotes water intake; j denotes water user; t represents the various scenarios that the available water is formed by upstream and local water supplies, that is, t represents different joint probability levels; x ijt is the amount of water supply of different intake water i distributed to different water users j under scenario t; c ij is the water supply cost of different intake water i distributing to different water users j (RMB/m 3 , ¥); D ij is the fixed target needs of water for user j at water intake i; β j represent the different priority of water resources. In the study, the water demand is assumed to be the same in all scenarios.
These were subject to the following.
1. Restriction of the water supply amount: the allocation water at the water intake i under scenario t; and α denotes the part of the river flow served as minimum ecological runoff, here it is set to 0.2 (the data comes from the research report of water regulation schemes for river improvement at the lower reaches of Beiyun River).
2. Restriction of water demand amount:
where B j max and B j min are the maximum and minimum water demand amount of water user j.
Restriction of water-carrying capacity:
Pr
In the constraint condition, the constraints were satisfied at a certain probability 1 À q ð Þ, where q stood for a predetermined probability set by managers, denoting the acceptable level to violate the constraint (Zhuang et al. ) . This constraint prevents the spill of water by exceeding the conveyance capacity. The water loss rate λ of the constraints was treated as a normally distributed random parameter (μ is the expectation and σ is the standard variation). The water loss rate was N (0.04, 0.062) in this study.
Non-negative constraint:
x ijt ! 0 (17)
RESULTS AND DISCUSSION
Establishment of joint probability distribution
For upstream water supply U and local water supply L, the marginal distributions of F U (u) and F L (l) obeyed a Person type-III (P-III) distribution (Peng & Xu ) . The probability density function and CDF are:
where Γ α ð Þ is an α function and α, β, and α 0 are the shape, scale and position parameters, respectively, of the P-III distribution. For U and L, the parameters of the marginal distribution are estimated on the statistics reported in Table 3 .
The marginal function could be estimated based on the parameters in Table 3 . well. According to the CDF of water resources, the exceedance feature probability P 1 or P 2 for any quantity of water can be estimated, and vice versa. For example, for a local water supply quantity of 11.54 × 10 6 m 3 in the Beiyun River, its exceedance feature probability P 2 in terms of the CDF of L is 20%.
To choose the best fitting copula, the values of Kendall's τ, parameter θ, K-S D and RMSE and AIC of the three copulas (the Clayton, Frank, and Gumbel copulas) given in Table 4 were compared. The dependence of water resources variables also can be ascertained using Kendall coefficient.
The values for the Beiyun River and the Longfeng River were 0.5288 and 0.4098, respectively.
The best fitting copula is the one that has the minimum value of RMSE and AIC. The value D for each copula function can pass the K-S test when the level of significance is 5%. Obviously, the RMSE and AIC value of the Clayton copula were the smallest of all of the copulas for both the Beiyun and Longfeng Rivers, which means that the Clayton copula was the most appropriate copula to describe the joint probability distribution of U and L. For example, with the Beiyun River, the AIC value of the Clayton copula of À164.093 was less than À158.812 of the Frank copula and À152.373 of the Gumbel copula.
Then, with reference to the parameters in Table 4 and the equation in Table 2 , the Clayton copula constructing the joint distribution F x, y ð Þ can be expressed as:
For water allocation projects, it is necessary to predict the quantity of total water supply; therefore, the probability of encountering rich or poor water resources was analyzed.
This study noted the joint probability that typical events would occur, that is, the probability that variables would exceed some feature values. For individual probabilities, the design guaranteed efficiency of use of upstream water supply, including 10%, 25%, 50%, 75%, and 95%. Meanwhile, at each level of inflow, four local water supply level probabilities ranging from 5% to 50% were considered.
Here, the probabilities reflect that the quantity of water supply exceeded the set points, e.g., medium flows are those with the 50% of exceedance probability. Tables 5   and 6 Here, three levels of variable q (1%, 5%, and 10%) were considered comprehensively by referring to Equations (15) Analyses of water shortages for the agricultural user group under various scenarios are presented below. The results for other users could be similarly interpreted.
The results indicated that any changes in the joint probability levels would lead to varied water shortages in different cases (denoted as cases 1-12 in the order as in Table 5 , q ¼ 1%), as shown in Figure 7 . In general, under a certain upstream or local water supply level, the shortage quantity was in proportion to the joint probability and inversely proportional to the supply quantity, which meant that the deficits would decrease with incremental increases in available water. For example, when the upstream water supply level is medium, under the worse case scenario (case 8, joint probability ¼ 38.59%), the allocated water for agricultural users would be 148.73 × 10 6 m 3 with local water supply frequency of 50%, indicating a serious shortage (33.63 × 10 6 m 3 ). In comparison, under a better case scenario (case 5, joint probability ¼ 4.44%), the value would be 159.05 × 10 6 m 3 with local water supply frequency of 5%, also indicating a significant shortage (23.31 × 10 6 m 3 , but less serious than that under the worse case scenario). Consequently, the users would have to obtain water from other sources to satisfy demands, at high price, such as underground water and reclaimed water, and then additional costs will arise. On the other hand, for the joint behavior of upstream and local water supplies, the increased value of the encounter probability means that there is an increased crisis of water allocation, in other words, a decrease in available water.
For example, as seen in Table 5 , the encounter probabilities of p ∩ u, l ð Þ with P 1 ¼ 25% and P 2 ¼ 5% were 2.96% per year, indicating the higher level of water supply quantities.
The encounter probabilities of p ∩ u, l ð Þ with P 1 ¼ 75% and P 2 ¼ 50% were 48.34% per year, indicating the lower level of water supply quantities. Obviously, the frequency of potential drought period occurrences was relatively high.
The complex uncertainties have significant impacts on water shortage, either a joint influence or single factors.
From Figure 7 , when the upstream water supply was illustrating that local water supply created another factor influencing water allocation. Therefore, by considering as many as possible water-availability scenarios, the developed method can help identify an appropriate water allocation plan that balances various conflicting water allocation goals under extreme conditions.
Additionally, a conclusion could be made from comparing the water deficits at three q levels: a greater water shortage would exist under lower q levels, while a smaller water shortage corresponded to high q levels. Figure 8 shows the different water shortages for agricultural users under changing q levels. It can be observed that when the value of q is 1% and 10% with the joint probability of 4.44%, the shortages for agriculture would be 27.45 × 10 6 m 3 and 23.31 × 10 6 m 3 , respectively. The constraint limits the possible spillage of water during delivery in the model, and its acceptable level could be adjusted by managers. It can be explained that the relaxations (a higher q, meaning a smaller freeboard in the canals) of constraint would lead to raised available water supply and reduced absolute water losses, and correspondingly smaller water shortage. Figure 9 presents the trend of the total cost (objective function) under different joint probability levels. Generally, the cost of the system gradually decreases as the available water supply decreases, thus correspondingly higher joint probability. Figure 10 shows RMB under q levels of 10%, 5%, and 1% when joint probability ¼ 4.44% (the upstream water supply is medium and the probability of local water supply is 5%). From the results, it also reveals that although the cost would have a trend with various q, the q level has few significant impacts on the system objective. Generally, the results demonstrate that high constraint-violation risk and system cost have to be faced if managers aim is less shortage; however, more serious shortage could improve the system reliability and reduce the system cost. A trade-off among the system allocation demand, system cost, and reliability could be considered to help managers to obtain an in-depth insight into the water resource management.
Discussion
This paper presents a joint-probabilistic programming method for water resources optimal allocation under uncertainty. Complexities and uncertainties exist in the water In other words, the complex uncertain factors, the different water flow levels, and acceptable levels of water shortage, had a significant effect on the modeling outputs.
The water flow amount under different levels influences the total water allocation and water shortage, and the cost of per water supply can play a role in determining different water allocation amount for users. Compared with local water resources, the upstream water resource plays a more significant role in the total amount of water allocation. As for acceptability of water shortage, a variability measure has been combined in the constraint, and its effect on the model outputs can be adjusted according to the preference of managers. This, in fact, reflects that the constraint allowed the spillage of water during delivery in the model.
In this study, the model can provide the trade-off among allocation demand, system cost, and reliability by making various water policies. Therefore, different policy scenarios can be obtained to cope with practical situations. Generally, the water shortage would decrease and result in an increased allocation cost as q increases. This would lessen the system feasibility and enhance the system crisis. The joint probability of a rainy year is relatively small, and managers should increase the acceptability of the system crisis to reduce the water shortage; instead, they can implement a compromised scheme in a demanding environment. In many practical problems, the probabilities of the worse case scenarios are relatively high. The occurrence of such demanding environmental conditions, especially in an extreme drought period, will lead to serious consequences due to the low level of water supply amount. Therefore, by considering as many water-availability scenarios as possible, the method can help managers to develop in-depth insights into their water resource allocation systems and to put forth a compromise water allocation plan that balances shortage crisis and system reliability. Managers can modify their allocation plans according to the potential available water, aiming to reduce the shortage crisis and cost of the system.
Generally, although this model is able to effectively address uncertainties, there are several limitations. First, two factors affecting the water availability: upstream and local water resources were considered in this paper. However, the problem can become more complicated when more hydrologic regions and variables are involved. From a broader perspective, the three-dimensional copula can be used to solve high-dimensional copula-based multivariate probability distribution problems. Second, the predetermined distribution approach cannot fully handle water deficits. Particularly in drought periods, when water supply is low, the contradiction between water supply and demand still exists due to limited water availabilities and ever-increasing water demands. Therefore, a more extensive study of the interactions between the multi-water resources system and human activities in dry periods should be undertaken.
Third, there are other possible sources of uncertainty in water availability, such as natural climatic variability, hydrological model parameter uncertainty, water demand uncertainty related to population and economy. Especially for the water demand and cost, they were assumed to be constant throughout the optimization period. Indeed, it is suggested to discuss how these uncertainties have been taken into account for water resources allocation and management in a follow-up study. Furthermore, only typical events were presented in this study. It might be more valuable to generate large-scale scenarios using a Monte Carlo sampling method to provide overall management options.
The method is not suitable to evaluate measures that change the system (e.g., the construction of a dam), because the copulas are no longer valid for the modified water system.
SUMMARY AND CONCLUSIONS
In this study, a joint-probabilistic programming optimization model was developed for regional water allocation management under multiple uncertainties. The information provided by this method can provide technical advice to managers. By coupling the copula function with an optimization algorithm, the proposed model was able to address water source uncertainties of both upstream and local water supplies, as described by a copula function with water loss as the constraint. A case of water resources allocation was optimized to demonstrate the applicability of the proposed model. The whole system included two parts, namely, the water source and distribution, containing two water sources and four water user groups. It was able to generate a set of representative scenarios under different probabilities of occurrence. Results show that the two water sources had a common influence on water shortage, as well as preference of managers to accept risks of water shortage.
The local water supply level was closely related to the upstream water supply level. For a constant q, an increased joint probability meant an increased risk of water shortage, and more water shortage amounts would exist under lower q levels. Therefore, there is a trade-off among water shortage, economic objective and constraint-violation risk. The lack of significant research of uncertainty in water resources allocation persuaded us to do this research. This paper demonstrated that it is necessary to consider the joint probability of upstream and local water supply when planning water allocation. The various scenarios can help managers to formulate appropriate water allocation plans according to practical uncertain situations. The formulation of the water allocation problem and its application considering different joint probability levels, is a general formulation which can be extended to other scenarios like design scenarios for strategic planning or climate resilience studies.
